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ABSTRACT 
We present a simple analytical model for the estimation 

of the maximum splat diameter of an impacting droplet on a 
subcooled target. This work is an extension of the isothermal 
model of Pasandideh-Fard et al. (1996). The model uses an en- 
ergy conservation argument, applied between the initial and final 
drop configurations, to approximately capture the dynamics of 
spreading. The effects of viscous dissipation, surface tension, 
and contact angle are taken into account. Tests against limited 
experimental data at high Reynolds and Weber numbers indi- 
cate that an accuracy of the order of 5% is achieved with no 
adjustable parameters required. Agreement with experimental 
data in the limit We -+ 00 is also very good. We additionally 
propose a simple model for the estimation of the.thickness of the 
freezing layer developed at the droplet-substrate contact during 
droplet spreading. This model accounts for the effect of thermal 
contact resistance and its predictions compare favorably with 
experimental data. 

NOMENCLATURE 
cP Specific heat per unit mass. 
Do Initial droplet diameter. 
D* Final disk diameter. 
h Final disk thickness. 
h, Contact resistance heat transfer coefficient. 
hf Stagnation point flow heat transfer coefficient. 
hfg Latent heat per unit mass. 
h, Solidified layer heat transfer coefficient. 
ht Total heat transfer coefficient. 
k Liquid metal thermal conductivity. 
k, Solid metal thermal conductivity. 
K,??r Initial drop kinetic energy. 
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Nut Contact resistance Nusselt number. 

NUf Stagnation point flow Nusselt number. 
Nu, Solidified layer Nusselt number. 
Nut Total Nusselt number. 
T Radial coordinate. 
Re Reynolds number. 
s Solidified layer thickness. 
s Time averaged solidified layer thickness. 
s* Non-dimensional solidified layer thickness (= s/Do). 
SE1 Initial drop surface energy. 
SE2 Final disk surface energy. 
Ste Stefan number (c,(T, - Tw)/hfg). 
Si!eT Stefan number based on temperature T 

(= 4T - Tw)lho). 
T Solidified layer final (average) temperature. 
To Droplet initial temperature. 
T?R Droplet melting temperature. 
T, Substrate temperature. 
u Radial velocity. 
V Excluded volume. 
I/o Initial droplet velocity. 
W Work done on deforming droplet. 
We Weber number. 

Greek symbols 
P = PIPS 
y Surface tension. 
6 Boundary layer thickness. 
0, Advancing contact angle. 
p Viscosity. 
< Spread ratio (= Dm/Ds). 
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p Liquid density. 
ps Solid density. 
r Estimated droplet arrest time. 
w Flow parameter. 

INTRODUCTION 
In recent years various simple analytical models for the 

estimation of the maximum splat diameter of an impacting 
droplet on a subcooled target have been proposed. Such 
models could prove very useful as preliminary design tools 
in the rapidly developing field of microfabrication. They 
can additionally facilitate the understanding of the cou- 
pled droplet spreading and solidification dynamics, which 
will lead to improvements in microfabrication quality. In 
this paper we present a model that accounts for the effects 
of surface tension, contact angle, and solidification at the 
droplet-target interface. 

case the target and droplet are at the same temperature 
(TO = T,) and negligible heat exchange takes place between 
the two. The isothermal model was extended to the non- 
isothermal case by the above authors in (Pasandideh-Fard 
et al., 1998). Although agreement with experimental data 
was demonstrated, the validity of some of the approxima- 
tions in that model is questionable. The present paper sug- 
gests a more appropriate formulation which also improves 
agreement with experimental data. We additionally pro- 
pose a model for the estimation of the thickness of the thin 
frozen layer at the droplet-target interface that is important 
for the calculation of the maximum splat diameter. 

THE MAXIMUM SPLAT DIAMETER 

isothermal model 

Consider a superheated liquid metal droplet of diame- 
ter Do and at temperature To > T,, impacting a subcooled 
solid substrate (temperature T, < T,) with velocity Vl. 
We are interested in the limit of small superheat, that is 
To - T, -+ 0 where T,,, is the melting temperature. When 
spreading stops, the droplet has reached the maximum splat 
configuration in the shape of a thin disk of diameter D, and 
height h. We assume that the material has partially solidi- 
fied: a thin layer of thickness s (averaged over the diameter) 
at the substrate-droplet interface is now solid at (an aver- 
age) temperature T, where T, < T < To, and the remaining 
droplet material is molten at T,. The maximum splat ra- 
tio < is defined as E = D,/Do. One important assumption 
used in this work is that the droplet arrest is not governed 
by solidification, that is the effect of heat transfer and so- 
lidification is only secondary to the spread process. This 
assumption is somewhat limiting, but its wide use in the 
literature (Madejski, 1976; Bennett and Poulikakos, 1994; 
Pasandideh-Fard et al., 1998) has shown that is very rea- 
sonable for a wide range of controlling parameters. A re- 
cent critical review by Bennett and Poulikakos (1994) em- 
phasizes the inadequacy of the Stefan problem approach to 
capture the freezing kinetics and their effect on the droplet 
spreading and arrest. Further evidence to this effect is given 
in the work of Pasandideh-Fard et al. (1998): in addition 
to showing the Stefan problem approach to be very inac- 
curate, it also suggests that the thermal contact resistance 
between the target and the droplet plays an important role 
in the freezing layer growth. The importance of the sub- 
strate properties was also reported in the work of Collings 
et. al (1989). 

We briefly describe the isothermal model presented by 
Pasandideh-Fard et al. (1996) for completeness. The max- 
imum spread diameter, D,, can be estimated by using an 
energy conservation argument: the energy at every instant 
in time, and hence at the maximum splat diameter config- 
uration (configuration 2), has to equal the initial energy of 
the drop (configuration 1). This initial energy is equal to 
the sum of the kinetic energy (KE1) and the surface energy 
(SE1) of the impacting droplet. The kinetic energy is given 
by: 

KEI = (;pV;) (+I;), 

where p is the liquid drop density. The initial surface energy 
is given by: 

SE1 = nD;y, (2) 

where y is the surface tension coefficient for the drop in the 
ambient environment. 

The energy at the maximum splat configuration con- 
sists of the energy dissipated through the action of viscos- 
ity during the spreading process and the surface energy of 
the maximum splat configuration. The first term has been 
shown (Pasandideh-Fard et al., 1996) to (approximately) 
equal 

(3) 

The model presented in this paper is an extension where Re = pV~Do/p is the Reynolds number. This es- 
of the isothermal model for the maximum spread diame- timate is obtained by assuming an axisymmetric stagna- 
ter by Pasandideh-Fard et al. (1996). In the isothermal tion point flow which in the high Reynolds limit can be 
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approximated by a viscous boundary layer of thickness 
S = 2Do/&, and potential flow outside this boundary 
layer. 

The surface energy (SE 2 is estimated by assuming that ) 
the final configuration approximates a thin disk. It is shown 
by Collings et al. (1989) that given the contact angle (e,), 
and the disk-shape geometry assumption with diameter D, 
and height h that is small compared to D,, 

SE2 = $Dfr(l - cos8,). (4) 

Equating 

KEI +SEl = W+SE,, (5) 

yields an expression for the spread ratio t = 0,/D, which 
has been shown to reproduce experimental results satisfac- 
torily (Pasandideh-Fard et al., 1996). 

It is important to note that the stagnation flow model 
used for the calculation of the viscous effects predicts that 
the droplet spreading stops after time 7, where 

8Do 
r=3vo. 

This is important since in the non-isothermal case consid- 
ered below we assume that spreading is inhibited by viscous 
and surface tension effects and hence, spreading stops at the 
same time as the isothermal case. 

Non-isothermal spreading 
In the non-isothermal case, the effects of solidification 

have been accounted for in the work of Pasandideh-Fard 
et al. (1998) by including in the above energy balance a 
fictitious “lost kinetic energy” term. The kinetic energy of 
configuration 2, however, is already assumed to be zero in 
the above energy balance. We believe that, although this 
term results in a spread factor that is in reasonable agree- 
ment with experimental data, it does not adequately rep- 
resent the physics of solidification. The solidification pro- 
cess manifests itself through the latent heat which should 
enter the energy balance; if thermal effects cannot be in- 
cluded in the model because of the insufficient understand- 
ing of their relative importance, the whole of the solidified 
material can be excluded. We propose a modification to 
the above energy balance that correctly captures the effect 
of phase change and results in a similar expression for the 
spread factor which is, however, not ad-hoc. In what follows 
we show that the ad-hoc “lost kinetic energy” term can be 

motivated as part of the solidified material energy which is 
not included in our modified energy balance. 

The effect of phase change is accounted for by apply- 
ing the energy balance to the liquid that does not solidify. 
Following Pasandideh-Fard et al. (1998), we estimate the 
solidified mass as np,Dis. This material is then excluded 
from the energy balance KE1 + SE1 = W + SE2 under the 
assumption that negligible thermal energy exchange takes 
place between the solidified and unsolidified parts of the 
drop. We believe that this assumption is not unreasonable; 
the high Reynolds number stagnation flow model inside the 
drop, which gives reasonable results for the viscous heat 
generation, involves little mixing and mostly entrainment 
of the fluid from the potential flow region towards the wall 
(RePr - 100 > 1). The new terms in the energy balance 
are now: 

KE1 = (ipVo2) ($Do3 - :$D$), (7) 

and 

w=6p o ” D3--psDLsn 

:P 0 03 ~~l/;l~DoD:&, (8) 

which lead to a new expression for <: 

<2 zz 
w(Re, We, 8,, s*) 

125+Ps* 

J ( w2 Re, We, 8,, s*) - 24$$b*(We + 12) ,-, 

where 

w(Re, We, 8,, s*) = 
4We 
z + 3(1- ~0~8,) + g&*We, (10) 

p = ps/p, and s* = sfD0. 
Note that the surface terms SEI, and SE2 were not 

corrected for the reduced mass. In the case of SE1, the 
correction is of smaller order because surface effects scale 
as V2i3, where V is the excluded volume (= 7rD&s/4). Ne- 
glecting this correction should be reasonable in the high 
Weber number limit for which this model is intended. In 
the case of $E2, the existence of a solid layer between the 
molten material and the substrate will not affect expres- 
sion (4) if the interfacial energy between the substrate and 
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the liquid is not significantly different than the interfacial 
energy between the liquid and the solid metal. 

Taking ,L3 M 1, we obtain the following results for the 
three experimental cases (varying subcooled target temper- 
ature Tw) presented by Pasandideh-Fard et al. (1998). For 
Tw = 240°C, s* = 0, < = 3.24 and the experimental value 
is E = 3.3; for T, = 15O”C, s* = 0.014, [ = 3.06, and the 
experimental value is 5 = 3.1; for T, = 25”C, s* = 0.035, 
E = 2.8, and the experimental value is [ = 2.9. The values 
of s* used were obtained from the numerical simulations of 
Pasandideh-Fard et al. A model for the estimation of s* is 
given in the next section. 

We see that the our model improves the accuracy of the 
previous model while being based on a more theoretically 
sound framework. We can now see the physical significance 
of the “lost kinetic energy” term in Pasandideh-Fard et al. 
(1998); it results from the exclusion of the solidified portion 
of the drop (equation (7)) from the energy balance (equa- 
tion (5)). One assumption used in the above derivation 
is that the heat generated from the viscous dissipation is 
uniformly distributed in the drop volume, and hence it is 
proportionally distributed to the solidified and unsolidified 
parts of the droplet (equation (7)). The agreement with 
the experimental data above suggests that this assumption 
is reasonable, or that its effect is small. 

We can alternatively assume that mixing in the droplet 
is minimal, and hence the heat generated by viscous dis- 
sipation is “retained” within the viscous boundary layer 
thickness. In this minimal mixing case, the ratio of the 
thickness between the solidified layer and the viscous dissi- 
pation boundary layer (6) is important. The equivalent of 
equation (7) is now: 

(11) 

When s* is large, the material close to the wall, which is 
within the viscous boundary layer, solidifies and W + 0. 
Conversely, if s* -+ 0, then all of the viscous energy gen- 
eration is included in the part of the droplet that does not 
solidify. This modified term results in a new expression for 
t. 
5. 

E= d 
We+12 

3Wes* + 3(1 - 2 co&) +4% (A)’ (12) 

This expression gives the following results for the experi- 
mental data presented above: for T, = 240°C, s* = 0, 
6 = 3.24 and the experimental value is 5 = 3.3; for 

T, = 150°C, s* = 0.014, < = 3.17, and the experimen- 
tal value is t = 3.1; for T, = 25”C, s* = 0.035, t = 2.89, 
and the experimental value is c = 2.9. This alternative 
expression seems to give results comparable in accuracy to 
the previous one (equation (9)). It seems that equation (9) 
tends to underestimate the value of 5, and equation (12) 
tends to overestimate the value of I. The exact physics 
must be some compromise between the two assumptions 
leading to equations (9) and (12). Additional experimental 
data are needed to determine which assumption is most ap- 
propriate. For the purposes of the remaining discussion we 
will use the assumption resulting in equation (9); the results 
of both equations are well within a reasonable variation of 
10%. 

It is noteworthy that < in equation (9) is not very sensi- 
tive to variations in s*: a change in s* of the order of 100% 
results in a change in < that is less than 10%. This is very 
important because the largest uncertainty, both from the 
experimental point of view and from the theoretical point 
of view, lies in the estimation of s* . 

Unfortunately experimental data, against which the 
above model can be tested, are very limited. Although var- 
ious researchers have performed experiments, very few ex- 
periments are presented in a concise way which allows their 
use for model calibration and evaluation. In the follow- 
ing subsection we present a comparison between the model 
prediction and experimental data for the case of negligible 
surface tension. This limiting case presents a good test for 
any model, primarily because more experimental data are 
available (Watanabe et al., 1992), and various alternative 
model predictions have been investigated in this limit (Ben- 
nett and Poulikakos, 1994). 

Zero surface tension limit 
We investigate here the model predictions in the limit 

We + co, that is when surface tension effects are negligible. 
For We + 00 equation (9) reduces to 

( = 0.5Re0.25. (13) 

The exponent of 0.25 is very close to the usually quoted ex- 
ponent of 0.2 (Bennett and Poulikakos, 1994; Pasandideh- 
Fard et al., 1998; Watanabe et al., 1992). Direct compari- 
son with the experimental data of (Watanabe et al., 1992) 
reveals that the above equation results is in much better 
agreement with experimental data than the SMAC (simpli- 
fied marker and cell) simulation results of Watanabe et al. 
predicting 

tf = 0.82Re0.2. (14) 
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Figure 1. THE SPREAD FACTOR 6 AS A FUNCTION OF THE REYNOLDS 
NUMBER (Re) IN THE LIMIT We + cm. THE SOLID LINE REPRE- 
SENTS EQUATION (13), THE DASHED LINE REPRESENTS EQUATION 
(14) AND THE STARS THE EXPERIMENTAL DATA OF WATANABE ET 
AL. 

Further numerical simulations by researchers using the same 
algorithm (Watanabe et al., 1992) report very similar re- 
sults (6 = 0.83Re0.2). The Madejski (1976) expression 

c = 1.2941Re0.2, (15) 

seems to overpredict < by a factor of 1.5. The comparison 
between equations (13), (14), and the experimental data 
can be seen in Figure 1. 

ESTIMATION OF SOLIDIFIED LAYER THICKNESS 
The model developed above makes use of the thick- 

ness (s) of the solidified layer in contact with the sub- 
cooled target. As discussed by Bennett and Poulikakos 
(1994), and demonstrated through numerical simulations 
by Pasandideh-Fard et al. (1998), the Stefan problem ap- 
proach is inadequate. Pasandideh-Fard et al. show that the 
more involved calculation that includes the effects of con- 
tact resistance and substrate temperature can yield fairly 
accurate results. We present here an alternative and sig- 
nificantly less cumbersome approach to the estimation of 
this thickness. This approach was chosen because it is the 
natural extension of the stagnation flow model used for the 
evaluation of the flow properties of the spreading droplet, 
and it also lends itself naturally to the estimation of an av- 
erage (over the splat diameter) thickness. The approach 
neglects the effects of varying substrate temperature. 

5 

We assume that the Stefan number based on the su- 
perheat and the melting point is small, that is c,(To - 
Tm)/hfg < 1. This assumption allows us to set the liq- 
uid temperature to the melting point temperature T, and 
neglect the energy required to cool the superheated drop to 
this temperature. Equating the energy lost through con- 
tact with the substrate to the change in total energy of the 
solidified part of the drop we obtain: 

7rD2 
--f%p,(hfg + c~(T - T,)) = ;+ MT, - T,)T. (16) 

The factor of l/2 on the right hand side represents the time 
average of the area available for heat exchange: the velocity 
with which the droplet spreads is u - b and hence the 
area increase rate is linear with time dA = 2nrdr N 2mdt. 
The final temperature of the solidified layer is an unknown 
and introduces some uncertainty in our calculation; this 
issue is further discussed below. The time r = 8D0/3Vo is 
taken to be the spreading time defined and discussed in the 
previous section. The total heat transfer coefficient ht has 
two cont,ributions: 

Nut = 9 = ;uc f 1 . 
Nuf 

(17) 

Here Nut = h,Do/k is the Nusselt number associated with 
the contact resistance, and Nuf = hfDo/k is the Nusselt 
number associated with the flow at the stagnation point. 
The latter can be evaluated (in the Pr -+ 0, We >> 1 limit) 
using the correlation for laminar stagnation point flow due 
to jet impingement on solid targets (Liu et al., 1993) 

Nuf = 1.08Re0.5Pr0.5. 

Note that the thermal resistance associated with the solid 
layer formed, l/hs = s/kS, is negligible. In the experiments 
of Pasandideh-Fard et al. (1998), Nu, = h,Do/k M 80, 
whereas Nuf x Nu, x 10. The above analysis also neglects 
the effects due to change of the substrate temperature which 
we feel would be too complex to be incorporated in such 
a model. Additionally, the encouraging results obtained 
with the present model suggest that the importance of the 
substrate temperature variation is small. 

Equation (16) leads to 

s= 4h(Tm - Tw)Do 
314,pshfg(1 + cp(;;gT’“))’ 

(19) 
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Temperature T varies between T, and T,, and is difficult to 
evaluate without further assumptions. We define the Stefan 
number based on this temperature SteT = c,(T--T,) 

hf, , such 
that 0 < Si!eT < Ste and equation (19) becomes 

s* = 4Nu$te 
3&d+(l + St+) ’ (20) 

When Ste < 1 it follows that St+ (< 1 and the solidified 
layer temperature has no effect; in the worst case that Ste N 
1, equation (20) provides an upper and lower bound for s* 
which differ by at most a factor of 2, which however, as 
discussed above, result in only 10% uncertainty in 5. 

The above model is used to reproduce the numerical 
simulation results of Pasandideh-Fard et al. (1998). In 
these simulations Nu,=6.8, Re = 1.2 x 104, We = 71, and 
Pr = 0.0073. For T, = 15OOC (Ste = 0.324) the numer- 
ical simulations give s* = 0.014 and equation (20) gives 
0.015 < s+ < 0.02, whereas for T, = 25°C (Ste = 0.774) 
the numerical simulations give s* = 0.035 and equation (20) 
gives 0.027 < s* < 0.047. 

CONCLUSIONS 
We have developed a model for the approximate calcu- 

lation of the maximum splat diameter resulting form a su- 
perheated liquid metal droplet impacting a subcooled flat 
surface. The model originates in the work of Pasandideh- 
Fard et al. (1996, 1998) that successfully addressed the 
isothermal case; the current work re-addresses the issue of 
the effect of solidification on the splat diameter that we feel 
would benefit from an improved representation. The model 
accounts for the effects of surface tension, viscous dissipa- 
tion, and contact angle. Good agreement with experimental 
results available is obtained. 

A simple method to estimate the solidified layer thick- 
ness that allows for the importance of thermal contact re- 
sistance between the substrate and the liquid droplet is also 
proposed. Comparison with numerical simulations reveals 
good agreement, making it a preferable method compared 
to numerical simulations or more involved analytical meth- 
ods. More thorough tests are required for both models, 
since the experimental data available to the author are lim- 
ited. 
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